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Abstract 

The Yangian characters (or g-characters) are known to be closely related to the 
classical W-algebras and to the centers of the affine vertex algebras at the critical 
level. We make this relationship more explicit by producing families of generators 
of the W-algebras from the characters of the Kirillov-Reshetikhin modules associ- 
ated with multiples of the first fundamental weight in types B and D and of the 
fundamental modules in type C. We also give an independent derivation of the char- 
acter formulas for these representations in the context of the RTT presentation of 
the Yangians. In all cases the generators of the W-algebras correspond to the re- 
cently constructed elements of the Feigin-Frenkel centers via an affine version of the 
Harish- Chandra isomorphism. 
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1 Introduction 



1.1. Let be a simple Lie algebra over C. Choose a Cartan subalgebra () of g and a 
triangular decomposition g = n_©f)©n+. Recall that the Harish- Chandra homomorphism 

U(0)^^U({i) (LI) 

is the projection of the [)-centralizer U(g)'' in the universal enveloping algebra to U(fi) 
whose kernel is the two-sided ideal U(0)'' fl U(0)n+. The restriction of the homomorphism 
f lLip to the center Z{q) of U{q) yields an isomorphism 

Z(s)-^U([))^ (1.2) 

called the Harish- Chandra isomorphism, where U(f))'^ denotes the subalgebra of invariants 
in U(f)) with respect to an action of the Weyl group W of g; see e.g. [H Sec. 7.4]. 

In this paper we will be concerned with an affine version of the isomorphism (11.21) . 
Consider the affine Kac-Moody algebra g which is the central extension 

Q = g[t,t-^]®CK, 

where g[t,t~^] is the Lie algebra of Laurent polynomials in t with coefficients in g. We 
have a natural analogue of the homomorphism (11. ip . 

v{t-'Q[t-']y ^ij{t-'i)[t-']). (1.3) 

The vacuum module V^_/iv(g) at the critical level over g is defined as the quotient of the 
universal enveloping algebra U(g) by the left ideal generated by g[t] and K + , where /i^ 
denotes the dual Coxeter number for g. The vacuum module V-hy{Q) possesses a vertex 
algebra structure; see e.g. pTl Ch. 2]. The center of this vertex algebra is defined by 

3(g) = {5 GV_,v(g) |g[t]5 = 0}, 

its elements are called Segal-Sugawara vectors. The center is a commutative associative 
algebra which can be regarded as a commutative subalgebra of U(t~^g[t~^])''. By the 
results of Feigin and Frenkel |T0], 3(g) is an algebra of polynomials in infinitely many 
variables and the restriction of the homomorphism (II. 3p to the subalgebra 3(g) yields an 
isomorphism 

3(g) ^ >V(^g), (1.4) 

where W{^q) is the classical W -algebra associated with the Langlands dual Lie algebra ■^g; 
see [11] for a detailed exposition of these results. The W-algebra W(^g) can be defined as 
a subalgebra of U(t~^[)[t~^]) which consists of the elements annihilated by the screening 
operators] see Sec. H] below. 

Recently, explicit generators of the Feigin-Frenkel center 3(g) were constructed for the 
Lie algebras g of all classical types A, B, C and D; see [3], [B] and [21]. Our aim in this 
paper is to describe the Harish-Chandra images of these generators in types B, C and D. 
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The corresponding results in type A are given in [5]; we also reproduce them below in a 
slightly different form (as in [5J, we work with the reductive Lie algebra qI^ rather than 
the simple Lie algebra sIn of type A). The images of the generators of 3(g) under the 
isomorphism (11. 4p turn out to be elements of the W-algebra W(^0) written in terms of 
noncommutative analogues of the complete and elementary symmetric functions. 

In more detail, for any X E Q and r G Z introduce the corresponding elements of the 
loop algebra 0[t, t^"*^] by X[r] = Xf. The extended Lie algebra © Cr with r = —d/dt is 
defined by the commutation relations 

[T,X[r]]=-rX[r-l], [t,K]=0. (1.5) 

Consider the natural extension of (II. 4p to the isomorphism 

X:3(0)®C[r] ^ W(^0)®C[r], (1.6) 

which is identical on C[r]; see Sec. Ofor the definition of x- 

1.2. First let = 0I7V be the general linear Lie algebra with the standard basis elements 
Eij, 1 ^ i,j ^ N. For each a G {1, . . . , m} introduce the element E[r]a of the algebra 

End ® . . . ® End ® U (1.7) 

m 

by 

N 

where the e^j are the standard matrix units and U stands for the universal enveloping 
algebra of 0[^ © Cr. Let if^™-) and A^"^^ denote the respective images of the symmetrizer 
and anti-symmetrizer in the group algebra for the symmetric group &m under its natural 
action on (C^)®*"; see We will identify H^"'^ and A^™) with the elements if^™) © 1 

and A*^*") © 1 of the algebra (II. 7p . Define the elements ^ U(t"^0[^[t"^]) by the 

expansions 

tr A(-) (r + E[-l],) . . . (r + i?[-l]„) = + + ■ ■ ■ + 0^^, (1.9) 

tr (r + E[-l],) . . . (r + E[-l]„) = + r^-^ + ■ ■ ■ + (1.10) 

where the traces are taken over all m copies of EndC^. The results of [5] and imply 
that all elements and ^J^ai "^^11 as the coefficients of the polynomials tr (r + i?[— 1])™ 
belong to the Feigin-Frenkel center see also [25] for a simpler proof. Moreover, each 

of the families 

011! • • • ) 4>NN 

and ?/'ii,...,V'Ar^ 

is a complete set of Segal-Sugawara vectors in the sense that the elements of each family 
together with their images under all positive powers of the translation operator T = ad r 
are algebraically independent and generate ^{qIm)- 
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The elements /ij = En with i = 1, . . . ,N span a Cartan subalgebra of gl^. Elements 
of the classical W-algebra W{qIj^) are regarded as polynomials in the fii[r] with r < 0. A 
calculation of the images of the polynomials (11 .9^ with m = N and tr (r + 1])"^ under 
the isomorphism (11 .6^ was given in [5J. The same method applies to all polynomials (II. 9p 
and (ll.lOp to yield the formulas 

X : tr (r + E[-l]^) . . . (r + E[-l]„) ^ e^{T + /i J-1], . . . , r + /i^[-l]) , (1.11) 

X : tr if(")(r + E[-l],) . . .(r + ^[-1]^) /i™(r + /iJ-1], . . . , r + /i^[-l]), (1.12) 

where we use standard noncommutative versions of the complete and elementary symmetric 
functions in the ordered variables Xi, . . . ,Xp defined by the respective formulas 

hmi-^ly • • • ) S^p) ^ ^ Xi-^ . . . Xi^, (1.13) 

Gmi^li ■ ■ ■ 1 Xp) = ^ ^ Xi-^ . . . Xi^ . (1.14) 

«l>--->«m 

Relations (II. lip and (I1.12p can also be derived from the Yangian character formulas as we 
indicate below; see Sees 13.11 and |5l 

1.3. Now turn to the Lie algebras of types B, C and D and let g = Sat be the orthogonal 
Lie algebra On (with = 2n or = 2n + 1) or the symplectic Lie algebra sp^ (with 
N = 2n). We will use the elements -f^ijf''"] of the loop algebra QN\t^t where the Fij 
are standard generators of Qat; see Sec. 12.21 for the definitions. For each a G {1, . . . 
introduce the element F[r]a of the algebra (I1.7P by 

N 

F[r]„ = l^("-i) ® ® 1®(™-'*) ® F,j[rl (1.15) 

where U in (II. 7p now stands for the universal enveloping algebra of 'qn ® Cr. We let 
5'("^) denote the element of the algebra (I1.7P which is the image of the symmetrizer of 
the Brauer algebra Bm{<^) under its natural action on (C^)*^™, where the parameter u 
should be specialized to A^ or — A^ in the orthogonal and symplectic case, respectively. The 
component of S"*^*"^ in U is the identity; see (I2.18P and (I2.19P below for explicit formulas. 
We will use the notation 

7m M = —-7^ ^ 1-16 

and define the elements G U(t~^0Ar[t^^]) by the expansion 

7mM tr (r + F[-l]i) . . . (r + F[-l]„) = + r^'' + ■■■ + 4>^mm. (1-17) 

where the trace is taken over all m copies of EndC^ (we included the constant factor 
(I1.16P to get a uniform expression in all cases). By the main result of |2l], all coefficients 
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belong to the Feigin-Frenkel center ^(qn)- Note that in the symplectic case gN = 5p2„ 
the values of m were restricted to 1 ^ m ^ 2n, but the result and arguments also extend 
to m = 2?T, + 1; see [211 Sec. 3.3]. In the even orthogonal case Qn = 02n there is an 
additional element 0^ = Pf -^[—1] of the center defined as the (noncommutative) Pfaffian 
of the skew-symmetric matrix 1] = [-Fjj[— 1]], 

= Sgna-F.(l)<,(2)[-l]...F.(2n-l).{2n)[-l], (1.18) 

where 1] = 1] with i' = 2n — i + 1. The family 0225 0445 • • • ? 02n2n is a complete 

set of Segal-Sugawara vectors for 02n+i and sp2n, while 022; 044; • • • ; '/'2n-2 2n-2; 0n ^ 
complete set of Segal-Sugawara vectors for 02n- 

The Lie algebras 02n+i and sp2„ are Langlands dual to each other, while 02n is self- 
dual. In all the cases we denote by f) the Cartan subalgebra of gA? spanned by the elements 
/ij = Fa with i = 1, . . . ,n and identify it with the Cartan subalgebra of '"g^ spanned by the 
elements with the same names. We let fii[r] = fii with r < and i = 1, . . . ,n denote the 
basis elements of the vector space so that the elements of the classical W-algebra 

W{^Qn) are regarded as polynomials in the ^i[r]. 

Main Theorem. The image of the polynomial (I1.17p under the isomorphism (II. 6p is given 
by the formula: 

type /^^(r + /ii[-l], . . . , r + /in[-l], r - Ai„[-1], . . . r - /Ui[-1]), 

type Dn. lh„,{T + . . . , r + /x„_i[-l], r - fin[-l], ■■■r- /ii[-l]) 

+ I hm{r + /ii[-l], ■ ■ ■,T + /i„[-l],r - ...T- Aii[-1]), 

type Cn- em{T + /Ui[-1], ■■■,r + /i„[-l], r, r - /i„[-l], . . . r - /ii[-l]). 

Moreover, the image of the element 0^ in type Dn is given by 

(/xi[-l]-r)...(/i„[-l]-r)l. (1.19) 

In the last relation r is understood as the differentiation operator so that r 1 = 0. 

1.4. The Fourier coefficients of the image of any element of the Feigin-Frenkel center 3(g) 
under the state-field correspondence map are well-defined operators (called the Sugawara 
operators) on the Wakimoto modules over g. These operators act by multiplication by 
scalars which are determined by the Harish-Chandra image under the isomorphism (11. 4p : 
see [m Ch. 8]. Therefore, the Main Theorem yields explicit formulas for the eigenvalues 
of a family of the (higher) Sugawara operators in the Wakimoto modules. 

Our approach is based on the theory of characters originated in [TS] in the Yangian 
context and in [14] in the context of quantum affine algebras (the latter are commonly 
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known as the g-characters). The theory was further developed in [12] where an algorithm for 
the calculation of the g-characters was proposed, while conjectures for functional relations 
satisfied by the g-characters were proved in [15] and [32]. An extensive review of the role 
of the g-characters in classical and quantum integrable systems is given in [19]; see also 
earlier papers [20], [22], [30] and [31] where some formulas concerning the representations 
we dealing with in this paper had been conjectured and studied. In recent work [28], [29] 
the g-characters have been calculated for a wide class of representations in type B, and 
associated extended T -systems have been introduced. 

Due to the general results on the connection of the g-characters with the Feigin-Frenkel 
center and the classical W-algebras described in [HI Sec. 8.5], one could expect that the 
character formulas would be useful for the calculation of the Harish- Chandra images of 
the coefficients of the polynomial f ll.l7p . Indeed, as we demonstrate below, the images in 
the classical W-algebra are closely related with the top degree components of some linear 
combinations of the g-characters. 

We now briefly describe the contents of the paper. We start by proving the character 
formulas for some classes of representations of the Yangian Y(gAr) associated with the 
Lie algebra Qn (Sec. |2]). To this end we employ realizations of the representations in 
harmonic tensors and construct special bases of the representation spaces. The main 
calculation is given in Sec. El where we consider particular linear combinations of the 
Yangian characters and calculate their top degree terms as elements of the associated 
graded algebra grY(0Ar) = U(gAr[t]). In Sec. H] we recall the deflnition of the classical 
W-algebras and write explicit screening operators in all classical types. By translating the 
results of Sec. |3]to the universal enveloping algebra V(t~^gj\f[t~^]) we will be able to get 
them in the form provided by the Main Theorem (Sec. |5]). Finally, in Sec [6] we apply our 
results to get the Harish- Chandra images of the Casimir elements for the Lie algebras 
arising from the Brauer-Schur-Weyl duality. We show that our formulas are equivalent to 
those previously found in [T6] . 

2 Characters of Yangian representations 
2.1 Yangian for 

Denote by f) the Cartan subalgebra of gl^ spanned by the basis elements En, . . . ,Ej^]\f. 
The highest weights of representations of glj^ will be considered with respect to this basis, 
and the highest vectors will be assumed to be annihilated by the action of the elements 
Eij with 1 ^ i < j ^ N, unless stated otherwise. 

Recall the i?TT-presentation of the Yangian associated with the Lie algebra glj^; see 
e.g. [231. Ch. 1]. For 1 ^ a < b ^ m introduce the elements Pab of the tensor product 
algebra 

EndC^(g)...(g)EndC^ (2.1) 

m 
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by 

N 

P^^ = ® dj ® ® ® (2.2) 

The Yang i?- matrix Ri2{u) is a rational function in a complex parameter m with values in 
the tensor product algebra EndC^ ® EndC^ defined by 

Ruiu) = 1 - ^. 

u 

This function satisfies the Yang-Baxter equation 

Ru{u) Rrsiu + v) R^ = R2M Risiu + v) R^, (2.3) 

where the subscripts indicate the copies of EndC^ in the algebra fl2.ll) with m = 3. The 
Yangian Y(gl^) is an associative algebra with generators tfj\ where 1 ^ i,j ^ N and 
r = 1,2,..., satisfying certain quadratic relations. To write them down, introduce the 
formal series 

00 

t.,(«) = 5., + J]4;^n-GY(0[^)[K^]] 

r=l 

and set 

N 

T{u) = J2 eij^Ujiu) e EndC^ ® Y(0[^)[[n-i]]. 

Consider the algebra EndC^ (g) EndC^ ® Y(gljY)[[M~-^]] and introduce its elements Ti{u) 
and T2{u) by 

N N 

= '^eij0l0 tij{u), T2(u) = ^ 1 (g) dj (g) tij{u). (2.4) 

i,j=l i,j=l 

The defining relations for the algebra Y(gl^) can then be written in the form 

Ruiu - v) Ti{u) T2{v) = T2{v) Ti{u) Ri2{u - v). (2.5) 

We identify the universal enveloping algebra U(gl;v) with a subalgebra of the Yangian 
Y(g[jv) via the embedding Ei^ 1— )■ t^-j^ Then Y(g[^) can be regarded as a g[;^-module 
with the adjoint action. Denote by Y(g[^)'' the subalgebra of f)-invariants under this 
action. Consider the left ideal / of the algebra Y(gl^) generated by all elements t-J'' with 
the conditions 1 ^ i < j ^ and r ^ 1. By the Poincare-Birkhoff-Witt theorem for 
the Yangian [221 Sec. 1.4], the intersection Y(g[jv)'' fl / is a two-sided ideal of Y(0[^)''. 
Moreover, the quotient of Y(gt^)'' by this ideal is isomorphic to the commutative algebra 

fr'l 

freely generated by the images of the elements t\ with i = 1,. . . ,N and r ^ 1 in the 
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quotient. We will use the notation A^- for this image of . Thus, we get an analogue of 
the Harish- Chandra homomorphism fll.ip . 

Y(0U)^->C[Af)|^ = l,...,iV, r^l]. (2.6) 

We combine the elements A^-'^'' into the formal series 

oo 
r=l 

which can be understood as the images of the series tii{u) under the homomorphism (12. 6p . 

The symmetrizer and anti-symmetrizer A^"^^ in the algebra (12. ip are the operators 
in the tensor product space (C^)*^™ associated with the corresponding idempotents in the 
group algebra of the symmetric group &m via its natural action on the tensor product 
space (C^)®". That is, 

= J_ y^p^ and = V sgn s ■ Ps, (2.7) 

ml ^-^ ml ^-^ 

where is the element of the algebra (12. ip corresponding to s G &m- Both the symmetrizer 
and anti-symmetrizer admit multiplicative expressions in terms of the values of the Yang 
i?-matrix, 

H^-^ = ^ n fl + I^) A(-) = i- n (2.8) 

ml \ b — a/ ml V b — aJ 

where the products are taken in the lexicographic order on the pairs (a, 6); see e.g. [231 
Sec. 6.4]. The operators and A^"^^ project (C^)®™- to the subspaces of symmetric and 
skew-symmetric tensors, respectively. Both subspaces carry irreducible representations of 
the Yangian Y(0[^). Consider the tensor product algebra 

EndC^0. . .0EndC^^ ® Y{qI^) [[u-^]] (2.9) 

m 

and extend the notation (12.41) to elements of (12. 9p . All coefficients of the formal series 

tr /7(™)Ti(u) T2{u + 1) . . . Tm{u + m - 1) (2.10) 

and 

tTA^"'^Ti{u)T2{u-l)...Tm{u-m + l) (2.11) 

belong to a commutative subalgebra of the Yangian. This subalgebra is contained in 
Y(gljv)^. The next proposition is well-known and easy to prove; see also P, Sec. 7.4], [131 
Sec. 4.5] and [23l Sec. 8.5] for derivations of more general formulas for the characters of the 
evaluation modules over Y(gljv)- We give a proof of the proposition to stress the similarity 
of the approaches for all classical types. 
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Proposition 2.1. The images of the series fl2.10p and (12. lip under the homomorphism 
( 12. 6 p are given by 

J2 Kiu) X,,iu + l)...KJu + m-l) (2.12) 

and 

J2 Ki^) Kiu - 1) . . . A,„(n - m + 1), (2.13) 

respectively. 

Proof. By relations (12. 5p and (12. 8p we can write the product occurring in (I2.10p as 

H^"'^T^{u)...Trniu + m-l)=Tmiu + m-l)...mu)H^"'\ (2.14) 

This relation shows that the product on each side can be regarded as an operator on 
(C^)®™ with coefficients in the algebra Y(g[^)[[M-^]] such that the subspace (C^)®*" 
is invariant under this operator. A basis of this subspace is comprised by vectors of the 
form = -ff^™) (cjj ® ... ® Cj^), where ii ^ ■ ■ ■ ^ im and ei,...,eN denote the 

canonical basis vectors of C^. To calculate the trace of the operator, we will find the 
diagonal matrix elements corresponding to the basis vectors. Applying the operator which 
occurs on the right hand side of (I2.14p to a basis vector f we get 

Tmiu + m- 1) . . .ri(M)ij(™)f = Tmiu + m- 1) . . .Ti{u)vi^^,„^i^. 

The coefficient of fj^, in the expansion of this expression as a linear combination of the 
basis vectors is determined by the coefficient of the tensor e^^ ® . . . ® e^^. Hence, a nonzero 
contribution to the image of the diagonal matrix element corresponding to f under 
the homomorphism (12. 6 P only comes from the term ti^i^{u + m — 1) . . . ti^i^(u). The sum 
over all basis vectors yields the resulting formula for the image of the element (I2.10p . 
The calculation of the image of the series (12. lip is quite similar. It relies on the identity 

A('")Ti(m) . . . Tra{u - m + 1) = Trr,{u - m + I) . . . Ti{u) 

and a calculation of the diagonal matrix elements of the operator which occurs on the right 
hand side on the basis vectors A*^™) (e^j ® . . . ® Cj^), where ii < ■ ■ ■ < im- □ 

2.2 Yangians for On and spj^ 

Throughout the paper we use the involution on the set {1, . . . , N} defined by = A^ — z + 1. 
The Lie subalgebra of gt^ spanned by the elements Fij = Eij — Efii with j G {1, . . . , A^} is 
isomorphic to the orthogonal Lie algebra On- Similarly, the Lie subalgebra of Q\.2n spanned 
by the elements Fij = Eij — eiSjEjiii with i,i G {1, . . . , 2n} is isomorphic to the symplectic 
Lie algebra sp2„, where = 1 for i = 1, . . . , n and Si = — 1 for i = n + 1, . . . , 2n. We 
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will keep the notation qn for the Lie algebra On (with = 2n or = 2n + 1) or sp^ 
(with = 2n). Denote by f) the Cartan subalgebra of Qn spanned by the basis elements 
Fii, . . . , Fnn- The highest weights of representations of Qn will be considered with respect 
to this basis, and the highest vectors will be assumed to be annihilated by the action of 
the elements Fij with 1 ^ i < j ^ N , unless stated otherwise. 

Recall the i?TT-presentation of the Yangian associated with the Lie algebra g^v follow- 
ing the general approach of [8] and [31]; see also [1] and [2]. 

For 1 ^ a < b ^ m consider the elements Pat of the tensor product algebra (12. ip defined 
by (12. 2p . Introduce also the elements Qab of (12. ip which are defined by different formulas 
in the orthogonal and symplectic cases. In the orthogonal case we set 

N 

and in the symplectic case 

N 

Set K = A^/2 — 1 in the orthogonal case and k = A^/2 + 1 in the symplectic case. The 
i?- matrix Ri2{u) is a rational function in a complex parameter u with values in the tensor 
product algebra EndC^ ® EndC^ defined by 

Ri2{u) = 1 \ . 

U U — K 

It is well known by [36] that this function satisfies the Yang-Baxter equation (12. 3p . 

The Yangian Y{qn) is an associative algebra with generators t\^\ where 1 ^ i, j ^ N 
and r = 1, 2, . . . , satisfying certain quadratic relations. Introduce the formal series 

oo 
r=l 

and set 

N 

T{u) = J2 eij^Ujiu) G EndC^ ® Y(0^)[[n-i]]. 

Consider the algebra EndC^ ® EndC^ ® Y(0Ar)[[M"^]] and introduce its elements Ti{u) 
and T2{u) by the same formulas (12. 4p as in the case of qI^. The defining relations for the 
algebra Y{qi\[) can then be written in the form 

Ruiu - v) T,{u) T2iv) = T2iv) T,{u) R^iu - v) (2.15) 

together with the relation 

T\u + k)T{u) = 1, 
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where the prime denotes the matrix transposition defined for an x matrix A = [Aij] 
by 

{A')ij = Aj>i> and {A')ij = EiSj Ajfi, 

in the orthogonal and symplectic case, respectively. 

We identify the universal enveloping algebra U(gAr) with a subalgebra of the Yangian 
Y(g7v) via the embedding 

Fij^t^\ i,j = l,...,N. 

Then Y^Qjy) can be regarded as a 0Ar-module with the adjoint action. Denote by Y(gjv)'' 
the subalgebra of f)-invariants under this action. 

Consider the left ideal / of the algebra Y{qn) generated by all elements t^^^ with the 
conditions 1 ^ i < j ^ N and r ^ 1. It follows from the Poincare-Birkhoff-Witt theorem 
for the Yangian pj Sec. 3] that the intersection Y{qn)^ Pi / is a two-sided ideal of Y(g7v)''- 
Moreover, the quotient of Y(gAr)'' by this ideal is isomorphic to the commutative algebra 
freely generated by the images of the elements t^l^ with i = 1, . . . , n and r ^ 1 in the 
quotient. We will use the notation A^-^^ for this image of and extend this notation to 
all values i = 1, . . . ,N. Thus, we get an analogue of the Harish-Chandra homomorphism 

(O, 

Y(gAr)'' ^ C [Af^ 1 2 = 1, . . . , n, r ^ 1]. (2.16) 

(r) 

We combine the elements A^ into the formal series 

oo 

Ai(M) = l + ^Af^M-^ t = l,...,N 

r=l 

which can be understood as the image of the series tii{u) under the homomorphism fl2.16l) . 
It follows from [21 Prop. 5.2 and 5.14], that the series Aj(u) satisfy the relations 

Xi{u + K-i) Xi>{u) = Xi+i{u + K-i) A(j+i)/(u), (2.17) 

for i = 0, 1, . . . , ri — 1 if giv = 02n or 5p2n, and for z = 0, 1, . . . , n if gjv = 02n+i, where 
Ao(m) = Ao'(m) := 1. Under an appropriate identification, the relations fl2.17p coincide 
with those for the g-characters, as the Xi{u) correspond to the "single box variables"; see 
for instance [HI Sec. 7] and [30l Sec. 2]. This coincidence is consistent with the general 
result which establishes the equivalence of the definitions of g-characters in [M] and [T8] : 
see [121 Prop. 2.4] for a proof. The g-characters have been extensively studied; see [T3] . 
[Ti] and [18]. In particular, formulas for the g-characters of some classes of modules were 
conjectured in [20], [30] and [31] and later proved in [15j and [3^. However, this was 
done in the context of the new realization of the quantum affine algebras. In what follows 
we compute some g-characters independently in our setting of the RTT realization of the 
Yangians. 
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Introduce the element S'*-"^-' of the algebra (12. ip by setting S^^^ = 1 and for m ^ 2 define 
it by the respective formulas in the orthogonal and symplectic cases: 

and 

5(-) = i- 17 (l--^ ^ y (2.19) 

ml J-i V b-a n-b + a + lJ ^ ' 

where the products are taken in the lexicographic order on the pairs (a, b) and the condition 
m ^ n + 1 is assumed in fl2.19p . The elements f l2.18p and f l2.19p are the images of the 
symmetrizers in the corresponding Brauer algebras Bm{N) and Bm{—N) under their actions 
on the vector space (C^)®™. In particular, for any 1 ^ a < 6 ^ m for the operator S^'^'^ 
we have 

S^^^ Qab = Qab S^"^^ = and Pab = Pab S^'"^ = ±8^"^^ (2.20) 

with the plus and minus signs taken in the orthogonal and symplectic case, respectively. 
The symmetrizer admits a few other equivalent expressions which are reproduced in [2l] . 

In the orthogonal case the operator S^'^'^ projects (C^)*^™ to the irreducible represen- 
tation of the Lie algebra with the highest weight (m, 0, . . . , 0). The dimension of this 
representation equals 

+ 2m - 2 fN + m-2\ 
N + m- 2 \ m J' 

This representation is extended to the Yangian Y(oAr) and it is one of the Kirillov- 
Reshetikhin modules. In the symplectic case with m ^ n the operator S**^™-* projects 
(C^"')®'" to the subspace of skew-symmetric harmonic tensors which carries an irreducible 
representation of sp2„ with the highest weight (1, . . . , 1, 0, . . . , 0) (with m copies of 1). Its 
dimension equals 

2n-2m + 2 /2n + A _ f'^A _ / 2n \ 21) 
2n — m + 2 \ m J \m J \m — 2J 

This representation is extended to the m-th fundamental representation of the Yangian 
Y(sp2ra) which is also a Kirillov-Reshetikhin module. It is well-known that if m = + 1 
then the subspace of tensors is zero so that S'^^^^-' = 0. 

The existence of the Yangian action on the Lie algebra modules here can be explained by 
the fact that the projections fl2.18p and fl2.19p are the products of the evaluated /^-matrices 

s{^) = l_ rr R^^^^ua-u,), (2.22) 

ml 

l^a<b^m 

where Ua = u + a — 1 and Ua = u — a + 1 for a = 1 , . . . , m in the orthogonal and symplectic 
case, respectively; see [T7] for a proof in the context of a fusion procedure for the Brauer 
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algebra. The same fact leads to a construction of a commutative subalgebra of the Yangian 
Y(gAr); see [2l]. We will calculate the images of the elements of this subalgebra under the 
homomorphism (12.16^ and thus reproduce the character formulas for the respective classes 
of Yangian representations; cf. [19, Sec. 7]. Consider the tensor product algebra 

EndC^(g). . .0EndC^^ ® Y(0^) [[m"^]] (2.23) 

m 

and extend the notation (12. 4p to elements of (I2.23p . 
2.2.1 Series 5„ 

The commutative subalgebra of the Yangian Y(o7v) with = 2n + 1 is generated by the 
coefficients of the formal series 

tr 5(™)Ti(u) T2(u + 1) . . . Tm{u + m - 1) (2.24) 

with the trace taken over all m copies of EndC^ in (I2.23p . where Qn = '^n and S"*-™-* is 
defined in (I2.18p . It follows easily from the defining relations (I2.15P that all elements of 
this subalgebra belong to Y(oAr)''. 

Proposition 2.2. The image of the series (I2.24p under the homomorphism (12.160 is given 
by 

^ \i^{u)\i^{u + l)...\i^{u + m-l) 

with the condition that n + 1 occurs among the summation indices ii, . . . ,im at most once. 
Proof. By [2^ Prop. 3.1] the operator S^"^^ can be given by the formula 

Sim) ^ ^ C^/' + ~ ') " E ^-^^^-^^ • • • (2-25) 

r=0 ' ^ ^ ai<bi 

with the second sum taken over the (unordered) sets of disjoint pairs {(ai, 6i ),..., (a^., K)} 
of indices from {l,...,m}. Here H^"^^ is the symmetrization operator defined in (12. 7p . 
Note that for each r the second sum in (I2.25P commutes with any element Pg and hence 
commutes with H^"^\ 

Recall that the subspace of harmonic tensors in (C^)®™ is spanned by the tensors v 
with the property QabV = for all 1 ^ a < 6 ^ m. By (I2.20p the operator S^"^^ projects 
(C^)*^™ to a subspace of symmetric harmonic tensors which we denote by T-Lm- This 
subspace carries an irreducible representation of Oat with the highest weight (m, 0, . . . , 0). 
Therefore, the trace in (I2.24p can be calculated over the subspace Tim- We will introduce 
a special basis of this subspace. We identify the image of the symmetrizer H^"^'^ with the 
space of homogeneous polynomials of degree m in variables zi, . . . ,zn via the isomorphism 

H^"'\ei, ® . . . ® CiJ ^Zi,... Zi^. (2.26) 
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The subspace Tim is then identified with the subspace of harmonic homogeneous polyno- 
mials of degree m; they belong to the kernel of the Laplace operator 



n 



i=l 



The basis vectors of T-Lm will be parameterized by the A^-tuples (fci, . . . , A;„, 5, . . . , Zi), 
where the ki and U are arbitrary nonnegative integers, 5 G {0, 1} and the sum of all entries 
is m. Given such a tuple, the corresponding harmonic polynomial is defined by 

( \-an(n _l_ . . . _l_ /7 'llr^'^i"' [-2a„+(5 n ki-at k-at 

ai!...aJ(2ai + --- + 2a„ + 5)! 11 (fc, - a,)! (/, - a,)! ' ^' ' 

Q,\ ,...,(277, ^ — J- 

summed over nonnegative integers Oj satisfying ^ minjfcj, Zj}. Each polynomial contains 
a unique monomial (which we call the leading monomial) where the variable Zn+i occurs 
with the power not exceeding 1. It is straightforward to see that these polynomials are 
all harmonic and linearly independent. Furthermore, a simple calculation shows that the 
number of the polynomials coincides with the dimension of the irreducible representation 
of Otv with the highest weight (m, 0, . . . , 0) and so they form a basis of the subspace Tim- 
By relations fl2.15p and (12.221) we can write the product occurring in (12.241) as 

5(™)Ti(u) . . .Tm{u + m - 1) = Tm{u + m - 1) . . .Ti{u) S^^'K (2.28) 

This relation together with (I2.20p shows that the product on each side can be regarded as 
an operator on (C^)®*^ with coefficients in the algebra Y(o7v)[[m~^]] such that the subspace 
"Hm is invariant under this operator. Now fix a basis vector v G Tim of the form (12.271) . 
Denote the operator on the right hand side of (12.281) by A and consider the coefficient of v 
in the expansion of A f as a linear combination of the basis vectors. Use the isomorphism 
(I2.26P to write the vector f as a linear combination of the tensors Cj^ ® . . . ® ej^ . We 
have S^'^^v = v, while the matrix elements of the remaining product are found from the 
expansion 

Tmiu + m - 1) . . . Ti{u){ej^ ® . . . ® ej^) 

The coefficient of v in the expansion of Av is uniquely determined by the coefficient of 
the tensor e^^ ® . . . ® e^^ with ii ^ ■ ■ ■ ^ im which corresponds to the leading monomial 
of V under the isomorphism (I2.26p . It is clear from formula (I2.27P that if a tensor of 
the form e^^ ® . . . ® Cj^ corresponds to a non-leading monomial, then the matrix element 
ti^j^{u + m — l) . . . ti^j^{u) vanishes under the homomorphism (I2.16p . Therefore, a nonzero 
contribution to the image of the diagonal matrix element of the operator A corresponding 
to V under the homomorphism (I2.16P only comes from the term ti^i^{u + m — 1) . . . ti-^i^ {u). 
Taking the sum over all basis vectors (I2.27P yields the resulting formula for the image of 
the element (EMD- □ 
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2.2.2 Series Dn 



The commutative subalgebra of the Yangian Y(oAr) with = 2?t, is generated by the 
coefficients of the formal series defined by the same formula (12.241) . where the parameter 
now takes an even value 2n. 

Proposition 2.3. The image of the series (12.241) under the homomorphism (12.161) is given 
by 

Xi,{u) Xi^{u + 1) . . . Xi^{u + m - 1) 
with the condition that n and n' do not occur simultaneously among the summation indices 

^1 ) • • • ) • 

Proof. As in the proof of Proposition 12. 2[ we use the formula (12.251) for the symmetrizer 
5'("j) j|^g properties (I2.20p . Following the argument of that proof we identify the image 
^{m)^£^N-^®m ^j^]-^ ^]^g space 1-Lm of homogeueous harmonic polynomials of degree m in 
variables zi, . . . , z^r via the isomorphism (12.261) . This time the harmonic polynomials are 
annihilated by the Laplace operator of the form 



i=l 



The basis vectors of "Hm will be parameterized by the A^-tuples (/ci, /c„, , li), where 
the ki and U are arbitrary nonnegative integers, the sum of all entries is m and at least one 
of kn and /„ is zero. Given such a tuple, the corresponding harmonic polynomial is now 
defined by 



(-l)"l+-+""-l (ai + ■ ■ ■ + a„„l)! ^'n+'-' + a^-l+ln 

ai,...,a„-i 



oi! . . . a„_i! (ai H h ci„-i + k^y. {ai -\ h a„_i + /„)! 



U (k, - a,)l {k - a,)V ^^-^^^ 

summed over nonnegative integers Oi, . . . , a„_i satisfying Oj ^ min{/cj, /j}. A unique leading 
monomial corresponds to the values ai = ■ ■ ■ = a^-i = 0. The argument is now completed 
in the same way as for Proposition 12.21 by considering the diagonal matrix elements of 
the operator on right hand side of (I2.28P corresponding to the basis vectors (I2.29p . These 
coefficients are determined by those of the leading monomials and their images under the 
homomorphism (12.161) are straightforward to calculate. □ 



2.2.3 Series C„ 

The commutative subalgebra of the Yangian Y(sp^) with A^ = 2?t, is generated by the 
coefficients of the formal series 

tr ^("^)ri(M) T2{u - 1) . . . T^{u - m + 1), (2.30) 
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with the trace taken over all m copies of End in fl2:23|) with qn = sp^ and S^""^ defined 
in f l2.19p with m ^ n. 

Proposition 2.4. The image of the series fl2.30p with m ^ n under the homomorphism 
f l2.16p is given by 

K{u-l)...K^{u-m + l) (2.31) 

with the condition that if for any i both i and i' occur among the summation indices as 
i = ir and i' = is for some 1 ^ r < s ^ m, then s — r ^ n — i. 

Proof. Using again [24, Prop. 3.1] we find that the operator S^'^^ can be given by the 
formula 

LW2J . X -1 

+ - 2X J2q^^^^q^^^^_q^^^^ (2.32) 

r=0 ' ^ ^ ai<bi 

with the second sum taken over the (unordered) sets of disjoint pairs {(oi, fei), . . . , (a,., &r)} 
of indices from {1, . . . , m}. Here A^'^'' is the anti-symmetrization operator defined in (12.71) . 
For each r the second sum in (12.321) commutes with any element Pg and hence commutes 
with 

As with the orthogonal case, the subspace of harmonic tensors in (C^)®*" is spanned 
by the tensors v with the property QabV = for all 1 ^ a < 6 ^ m. The operator S*^"*^ 
projects (C^)®"* to a subspace of skew-symmetric harmonic tensors which we denote by 
T-Lrn- Hence, the trace in (I2.30p can be calculated over the subspace Tim- We introduce a 
special basis of this subspace by identifying the image of the anti-symmetrizer A^^^ with the 
space of homogeneous polynomials of degree m in the anti-commuting variables (i, . . . , C,2n 
via the isomorphism 

A^^\e,, e:,J Cn A ■ ■ ■ A 0™- (2.33) 

The subspace T-im is then identified with the subspace of harmonic homogeneous polyno- 
mials of degree m; they belong to the kernel of the Laplace operator 

n 
i=l 

where di denotes the (left) partial derivative over 

The basis vectors of l-Lm will be parameterized by the subsets of the 

set {1, . . . , 2?T,} satisfying the condition as stated in the proposition, when the elements 
ii,. . . ,ijn are written in the increasing order. We will call such subsets admissible. The 
number of admissible subsets can be shown to be given by the formula f l2.2ip . which coin- 
cides with the dimension of T-Lm- Consider monomials of the form 

Cai A Ca; A • • ■ A Ca, A A (b, A ■ ■ ■ A Cb, (2.34) 
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with 1 ^ ai < ■ ■ ■ < Ofc ^ n and 1 ^ bi < ■ ■ ■ < bi ^ 2n, associated with subsets 
{oi, a[, . . . , Ofc, a'l^, bi, . . . , bi} of {1, ... , 2n} of cardinahty m = 2k + I, where bi ^ b'j for all 
i and j. We will suppose that the parameters bi are fixed and label the monomial (I2.34p 
by the fc-tuple (ai,...,afc). Furthermore, we order the fc-tuples and the corresponding 
monomials lexicographically. 

Now let the subset {ai, a[, . . . ,ak,a'i^,bi, . . . ,bi} be admissible and suppose that the 
parameters ai, . . . ,0^ are fixed too. We will call the corresponding monomial fl2.34p ad- 
missible. Fix i G {1, . . . , k}. Let s be the number of the elements bj of the subset sat- 
isfying Oj < bj < a[. By the admissibility condition applied to and a[, we have the 
inequality 2{k — i) + s < n — ai. Therefore, there exist elements Ci,...,Ck satisfying 
ai < Ci <■■■< Ck ^ n so that none of Cj or c'j with j = i, . . . ,k belongs to the subset 
{oi, a[, . . . , Ofc, a'j^, 61, ... , bi}. Taking the consecutive values i = k, k — 1, . . . ,1 choose the 
maximum possible element Cj at each step. Thus, we get a family of elements Ci < • • ■ < 
uniquely determined by the admissible subset. In particular, Cj > for all i. 

Note that our condition on the parameters bi implies that the monomial Cfei A ■ • • A Cb; 
is annihilated by the operator A. We denote this monomial by y and set Xa = (a /\ Ca' for 
a = 1, . . . ,n. The vector 

k 

p=0 l!^di<---<dp!^k 

where the hats indicate the factors to be skipped, is easily seen to belong to the kernel 
of the operator A so it is an element of the subspace Furthermore, these vectors 

parameterized by all admissible subsets form a basis of Tim- Indeed, the vectors are linearly 
independent because the linear combination defining each vector is uniquely determined 
by the admissible monomial Xa-^ A ■ ■ ■ A Xa^. A y which precedes all the other monomials 
occurring in the linear combination with respect to the lexicographic order. 

Note that apart from the minimal admissible monomial Xa^ A ■ ■ ■ A Xaf, A y, the linear 
combination defining a basis vector may contain some other admissible monomials. By 
eliminating such additional admissible monomials with the use of an obvious induction on 
the lexicographic order, we can produce another basis of the space Tim parameterized by all 
admissible subsets with the property that each basis vector is given by a linear combination 
of monomials of the same form as above, containing a unique admissible monomial. 

By relations f l2.15p and fl2.22p we can write the product occurring in fl2.30p as 

^('")Ti(m) . . . T™(m - m + 1) = T^{u -m + l)...Ti{u) S^") (2.35) 

and complete the argument exactly as in the proof of Proposition 12.21 Indeed, relations 
f l2.20p and fl2.35p show that the product on each side can be regarded as an operator 
on (C^)®™ with coefficients in the algebra Y(5p^)[[M~^]] such that the subspace Tim is 
invariant under this operator. Denote the operator on the right hand side of f l2.35p by A 
and let v denote the basis vector of Tim corresponding to an admissible subset {ii, . . . , i^} 
with ii < ■ ■ ■ < im. The properties of the basis vectors imply that a nonzero contribution 
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to the image of the diagonal matrix element of the operator A corresponding to v under 
the homomorphism (12.161) only comes from the term ti^i^{u — m + 1) . . . ti^i^{u). □ 

We will be using an equivalent formula for the expression f l2.3ip given in [211 Prop. 2.4]. 
The argument there is combinatorial and relies only on the identities (12 . 1 7p . To state the 
formula from [21] introduce new parameters >Ci{u) for i = 1, . . . , 2?t, + 2 by 

>Ci{u) = Xi{u), X2n-i+z{u) = \2n-i+l{u) foT i = l,...,n, 

and >Cn+2{u) = —Xn+i{u), where Xn+i{u) is a formal series in with constant term 1 
defined by 

- 1) = Xn{u)Xn'{u - 1). 

Corollary 2.5. The image of the series (I2.30p with m ^ n under the homomorphism 
(I2.16P can be written as 

^ Xi^(M) Xi2(M - 1) . . . - m + 1). (2.36) 

l^ii<---<im^2n+2 

Moreover, the expression (I2.36p is zero for m = n + 1. □ 

3 Harish-Chandra images for the current algebras 

We will use the character formulas obtained in Sec. [2] to calculate the Harish-Chandra 
images of elements of certain commutative subalgebras of U(0[t]) for the simple Lie algebras 
Q of all classical types. The results in the case of gl^ are well-known, the commutative 
subalgebras were constructed exphcitly in [35]; see also [5], [6], [25], [26] and [27] . 

3.1 Case of glj^ 

Identify the universal enveloping algebra U(g[^) with a subalgebra of U(0[^[t]) via the 
embedding ^ Eij[0]. Then U(gl^[t]) can be regarded as a g (^-module with the adjoint 

action. Denote by U(g[jv[^])'' the subalgebra of f)-invariants under this action. Consider the 
left ideal / of the algebra U(g[^[t]) generated by all elements Eij[r] with the conditions 
1 ^ i < j ^ N and r ^ 0. By the Poincare-Birkhoff-Witt theorem, the intersection 
U(g[^[t])'' n / is a two-sided ideal of U(g[^[^])^ Moreover, the quotient of U(g[^[t])'' by 
this ideal is isomorphic to the commutative algebra freely generated by the images of the 
elements Eii[r] with i = 1, . . . , N and r ^ in the quotient. We will denote by fii[r] this 
image of S^t an analogue of the Harish-Chandra homomorphism (II. ip . 

U(0^7vW)'' -> C[/i,[r] I ^ = 1, . . . , iV, r ^ 0]. (3.1) 
Combine the elements and fJ^ilr] into the formal series 

oo oo 

Eij{u) = ^ Eij[r] M""""^ and ^i{u) = ^ /ijr] 

r=0 r=0 
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Then fii{u) is understood as the image of the series Eii{u) under the homomorphism (13. II) . 
Consider tensor product algebras 

End . . . ^ EndC^^ U(0UM) ^«]] 

m 

and use matrix notation as in ( 11. Sp . 

Proposition 3.1. For the images under the Harish- Chandra homomorphism (13. ip we have 
tr A^'") {du + ^i(m)) . . . (a, + EM) ^ e^m{du + . . . , 9„ + /ijvH), (3.2) 

tiH^"'^ {du + E,{u)) ...{d^ + EM) ^ h^{du + . . . , 9„ + /i^(M)). (3.3) 

Proof. The argument is essentially the same as in the proof of Proposition 12.11 Both 
relations are immediate from the cyclic property of trace and the identities 

[du + E,{u)) ...{du + EM)^^""'' = A^""^ [du + E,{u)) ...{du + EM)A'^'^\ 

ff^'") {du + E,{u)) ...{du + Em{u)) = H^""^ {du + E,iu)) ...{du + EUu))H^'^\ 

implied by the fact that + E{u) is a left Manin matrix:, see [U Prop. 18]. □ 

An alternative (longer) way to proof Proposition 13.11 is to derive it from the character 
formulas of Proposition 12.11 Indeed, du + E{u) coincides with the image of the matrix 
T{u)e^^ — 1 in the component of degree —1 of the graded algebra associated with the 
Yangian. Here we extend the filtration on the Yangian to the algebra of formal series 
Y(0lAr)[[^^^\ c^m]] by setting degu^^ = deg(9„ = —1 so that the associated graded algebra 
is isomorphic to U(gljv[i]) i9„]]. Hence, for instance, the element on the left hand side 
of (13. 2p can be found as the image of the component of degree —m of the expression 

tryiW(Ti(M)e^" - 1) . . . (T^(M)e^" - l). 

The image of this expression under the homomorphism (12. 6p can be found from (I2.13p . 

There is no known analogue of the argument which we used in the proof of Proposi- 
tion [3lT] for the -B, C and D types. Therefore to prove its counterparts for these types we 
have to resort to the argument making use of the character formulas of Sec. 12. 2[ 

3.2 Types B, C and D 

Recall that Fij[r] = Fij f with r G Z denote elements of the loop algebra 0Ar[t, where 
the Fij are standard generators of gAr; see Sec. [2j 

Consider the ascending filtration on the Yangian Y(gjv) defined by 

degt- ■ = r — 1. 
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Denote by t^J the image of the generator in the (r — l)-th component of the associated 
graded algebra grY(0Ar). By [21 Theorem 3.6] the mapping 

defines an algebra isomorphism U(0Ar[t]) — )■ gr Y(g7v)- Our goal here is to use this isomor- 
phism and Propositions 12.21 12.31 and l2.4l to calculate the Harish-Chandra images of certain 
elements of U(07v[t]) defined with the use of the corresponding operators f l2.18p and (12.191) . 
These elements generate a commutative subalgebra of U(07v[t]) and they can be obtained 
from the generators (11.171) of the Feigin-Frenkel center by an application of the vertex 
algebra structure on the vacuum module V-h'^{gN)', see |2ll Sec. 5]. 

We identify the universal enveloping algebra U(giv) with a subalgebra of U(0Ar[t]) via 
the embedding Fij ^ Fij[0]. Then U(g7v[t]) can be regarded as a gAr-module with the 

adjoint action. Denote by U(gAr[)f:])'' the subalgebra of {)-invariants under this action. 
Consider the left ideal / of the algebra U(gAr[t]) generated by all elements Fij[r] with 
the conditions 1 ^ i < j ^ N and r ^ 0. By the Poincare-Birkhoff-Witt theorem, the 
intersection U(g7v[t])'' H / is a two-sided ideal of U(gA^[^])^ Moreover, the quotient of 

U(gAr[t])'' by this ideal is isomorphic to the commutative algebra freely generated by the 
images of the elements Fii[r] with i = 1, . . . ,n and r ^ in the quotient. We will write 
fii[r] for this image of Fii[r] and extend this notation to all values i = 1, . . . , iV so that 
/ij/[r] = — /ii[r] for all i. We get an analogue of the Harish-Chandra homomorphism (II. ip . 

U(givM)'' ^ C[fi,[r] I z = 1, . . . , n, r ^ 0]. (3.4) 
We will combine the elements Fij [r] into the formal series 

oo 

F,,(n) = 5^F.,[r]«— ^ 

r=0 

and write 

oo 

fJ^iiu) = ^IJi[r]u'''~^, i = l,...,N. 

r=0 

Then fii{u) is understood as the image of the series Fii{u) under the homomorphism (13.41) . 

It is clear from the definitions of the homomorphisms (12.160 and (13.40 . that the graded 
version of (I2.16P coincides with (13. 4p in the sense that the following diagram commutes 

U(g^M)' 
grY(g^)^ 

where i ranges over the set {1, . . . , n} while r ^ and the second vertical arrow indicates 
the isomorphism which takes /ijr] to the image of A^-'^^^'* in the graded polynomial algebra 
with the grading defined by the assignment deg A^-'^'''^^ = r. 



grCTA^^ 



(3.5) 
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In what follows we extend the filtration on the Yangian to the algebra of formal series 
Y(0Ar)[[M~"^, <9„]] by setting deg-u^^ = degdu = —1. The associated graded algebra will 
then be isomorphic to U(0Ar[t]) [[n^^, We consider tensor product algebras 

EndC^^. . . 0EndC^^ 0U(gjv[t])[[M-\a„]] (3.6) 

m 

and use matrix notation as in fll.lSp . 



3.2.1 Series 5„ 

Take Qn = On with N = 2n + 1 and consider the operator S**-™-' defined in fl2.18p . We also 
use notation f ll.l6p with u = N and f ll.lSp . The trace is understood to be taken over all 
copies of the endomorphism algebra EndC^ in (13. 6p . 

Theorem 3.2. For the image under the Harish- Chandra homomorphism (13. 4 p we have 
jm{N) tr ^('"^ {du + F,iu)) ...{du + Fm{u)) 

^ hm{du + fJ'liu), ...,du + Hn{u),du + fin'{u), . . . , du + fil'iu)). (3.7) 

Proof. The element du + F{u) coincides with the image of the matrix T{u)e^'^ — 1 in the 
component of degree —1 of the graded algebra associated with the Yangian. Therefore 
the element on the left hand side of (13.70 can be found as the image of the component of 
degree —m of the expression 

7™(iV) tr 5('")(Ti(M)e^" - l) . . . (T„(n)e^" - l). (3.8) 

Hence, the theorem can be proved by making use of the commutative diagram (13.51) and 
the Harish- Chandra image of (13.81) implied by Proposition 12. 2[ We have 

tr^^'") (Ti(u)e^" - 1) . . . (T„(u)e^" - l) 

m 

k=0 l<ai<---<afc^m 

Each product Ta^(M)e^" . . .Ta^{u)e^'' can be written as PTi(M)e^" . . .Tfc('u)e'^" P^^i where 
P is the image in (13. 6p (with the identity component in the last tensor factor) of a permu- 
tation p G &m such that p(r) = for r = 1, . . . , fc. By the second property in (I2.20p and 
the cyclic property of trace, we can bring the above expression to the form 

^(-l)™-^ "^j tr^("^) Ti(M)e^" . . .Tfc(M)e^". 

fc=0 ^ ^ 
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Now apply |2H Lemma 4.1] to calculate the partial traces of the symmetrizer S'^™-' over 
the copies k + 1, . . . ,m of the algebra EndC^ in (12. ip to get 

^-^^'■■■-^ ~7m{N)[ m-k )\k) 
Thus, by Proposition \2.2\ the Harish- Chandra image of the expression (13. 8p is found by 

f;(-ir-s.(iv)('^+;^-') xMe^^...xMe'^ (3.9) 

fc=0 ^ ^ l<ns£- <ifes£A' 

with the condition that n + 1 occurs among the summation indices ii, . . . ,ik at most once. 
The next step is to express (13. 9p in terms of the new variables 

ai{u) = Xi{u)e^- -I, i = l,...,N. (3.10) 

This is done by a combinatorial argument as shown in the following lemma. 

Lemma 3.3. The expression (13. 9p multiplied by —2 (^^2) ^Q'^(^^^ 

r=0 ^ ' aiH \-a-^i=r 

+ E (i^f r~- 3) E • • • ^"(")"" + 2) ^n' • • • ^AuP', 

r=l ^ ^ aiH |-cii/=r'— 1 

where ai, . . . ,ai> run over nonnegative integers. 

Proof. The statement is verified by substituting (I3.10p into both terms and calculating the 
coefficients of the sum 

E XMe'-...K,iu)e'- (3.11) 

for all ^ A; ^ m, where n+1 occurs among the summation indices ii, . . . ,ik at most 
once. Note the following expansion formula for the noncommutative complete symmetric 
functions (I1.13p . 



k{xi, . . . ,Xp). (3.12) 

\ 7 — fi; / 

k=0 

Take Xi = Xi{u)e^'" with i = 1, . . . ,n,n' . . . ,1' and apply (I3.12p with p = 2ri to the first 
term in the expression of the lemma. Using a similar expansion for the second term we 
find that the coefficient of the sum (13. lip in the entire expression will be found as 



E 

r=k 



N/2-2\rN + r-3\ _ / N/2-2 \ (N/2 + m - 1 
A^ + r-3/V r-k j~\N + k-?,)\ m-k 
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which coincides with 



2(-ir-Sfc(iv) 



N/2-2 \ (N + m-2 
N + m-2) V m-k 



as claimed. □ 

Denote the expression in Lemma [3.31 by Am- Since the degree of the element (13. 8p is 
—m, its Harish- Chandra image f l3.9p and the expression also have degree —m. Observe 
that the terms in the both sums of Am are independent of m so that Am+i = Am + Bm+i, 
where 

^ ' aiH (-aj/=m+l 

+ (J^!'^~'^o) E ^iiur---^niur"{(Tn+iiu) + 2)ar,iur-' ...ariuT^'. 
\i\ + m — 2/ ^-^ ^ ' 

^ ' a\-\ \-a.ii='m 

Since Am+i has degree —m — 1, its component of degree — m is zero, and so the sum of the 
homogeneous components of degree —m of Am and Bm+i is zero. However, each element 
ai{u) has degree —1 with the top degree component equal to du + fii{u). This implies that 
the component of Am of degree —m equals the component of degree —m of the term 

^ ' aiH \-a-^^i=m 

Taking into account the constant factor used in Lemma 13. 3[ we can conclude that the 
component in question coincides with the noncommutative complete symmetric function 
as given in f l3.7p . □ 

As we have seen in the proof of the theorem, all components of the expression in 
Lemma [331 of degrees exceeding —m are equal to zero. Since the summands do not depend 
on m, we derive the following corollary. 

Corollary 3.4. The series 

r=0 ^ aiH \-a-^^i=r 

+ E ( N + r'-s) 5Z ^i(^)"' • • • ^"(")"" + 2) '^n'iuT'^' . . . a^ur' 

r=l ^ ' aiH \-a^i=r—l 

is equal to zero. □ 
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3.2.2 Series Dn 

Now take Qn = On with N = 2n and consider the operator S^"^^ defined in ( I2.18p . We keep 
using notation fll.lGp with u = N and f ll.lSp . 

Theorem 3.5. For the image under the Harish- Chandra homomorphism (13 ■4p we have 
7„(iV) tr (9„ + F^{u)) . . . (9„ + F^u)) 

^ \ hm{du + fil{u), . . . ,du + fin-l{u), (9„ + /i„' (m) , . . . , 9„ + flv (u)) 

Proof. We repeat the beginning of the proof of Theorem 13.51 with now taking the even 
value 2n up to the apphcation of the formula for Yangian characters. This time we apply 
Proposition 12. 31 to conclude that the Harish-Chandra image of the expression (13. 8 p is found 
by 

f^(-ir-S.(2n) P""^!"^"^) E K{u)e'^...XMe'- (3.13) 

fc=0 ^ ^ l^il^- <ifc^2n 

with the condition that n and n' do not occur simultaneously among the summation indices 
ii, . . . , ifc. Introducing new variables by the same formulas (I3.10p we come to the Dn series 
counterpart of Lemma 13. 3[ where we use the notation 

Lemma 3.6. The expression (I3.13P multiplied by 2cm equals 

ciH \-ai/=m aiH hai/=»Ti 

a„=ayj/=0 only one of and a^i is zero 

m 

^ n + r -1 ^ ^ ' ^ ' 

r=l aiH \-a^i=T 

r=l aiH (-aj/=r 

on/?/ one o/ and a^/ is zero 

where ai, . . . , ai' run over nonnegative integers. 

Proof. Substitute (I3.10p into the expression and calculate the coefficients of the sum 

E K{u)e'-...X.,{u)e'-. (3.14) 
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The argument splits into two cases, depending on whether neither of n and n' occurs among 
the summation indices ii, . . . ,ik in fl3.14p or only one of them occurs. The application of 
the expansion formula (13.12^ brings this to a straightforward calculation with the binomial 
coefficients in both cases. □ 

Let Am denote the four-term expression in Lemma [3l6l This expression equals 2cm times 
the Harish- Chandra image of (13. 8p and so Am has degree — m. Hence, the component of 
degree — m of the expression Am+i is zero. On the other hand, each element (Ti{u) has degree 
— 1 with the top degree component equal to du + fii{u). This implies that the component 
of degree —m in the sum of the third and fourth terms in Am is zero. Therefore, the 
component of Am of degree — m equals the component of degree —m in the sum of the first 
and the second terms. Taking into account the constant factor 2cm, we conclude that the 
component takes the desired form. □ 

The following corollary is implied by the proof of the theorem. 

Corollary 3.7. The series 

oo 

^-^ n + r — 1 ^-^ 

r=\ aiH \-a^i=T 



oo 



^ n + r-1 ^ ^ ' ^ ' 

r=l aiH Va^i=T 

only one of and a^i is zero 

is equal to zero. □ 
3.2.3 Series C„ 

Now we let Qn = spj^ with N = 2n and consider the operator S*^"*-* defined in (12.191) . We 
also use notation (I1.16P with cu = —2n and (11.140 . Although the operator S^"^"^ is defined 
only for m ^ 1, it is possible to extend the values of expressions of the form (I1.17P and 
those which are used in the next theorem to all m with m ^ 2?t, + 1; see [231 Sec. 3.3]. The 
Harish- Chandra images turn out to be given by the same expression for all these values of 
m. We postpone the proof to Corollary 15.21 below, and assume first that m ^ n. 

Theorem 3.8. For all 1 ^ m ^ n for the image under the Harish- Chandra homomorphism 
(13. 4 p we have 

7^(-2n)tr^(™)(9„ - F,{u)) . . . {d^ - Fm{u)) 

^ em{du + IJ^liu),...,du+ /in(M), <9„, du + fin'iu),. . . ,du + fii'iu)) . (3.15) 



26 



Proof. The element du — F{u) coincides with the image of the matrix 1 — T{u)e~^'^ in the 
component of degree —1 of the graded algebra associated with the Yangian. Hence the 
left hand side of f l3.15p can be found as the image of the component of degree —m of the 
expression 

(-l)'"7„(-2n) tr5("^)(Ti(M)e-^" - l) . . . {T^{u)e'^- - l). (3.16) 

Now we use the commutative diagram (13 .Sp and the Harish- Chandra image of (I3.16P implied 
by Proposition 12.41 We have 

tr5(™) {Ti{u)e~^- - 1) . . . {Tra{u)e-^- - l) 

m 

= ^ tr^(-)T,,(M)e"^"...T,,(M)e-^". (3.17) 

k=0 l^ai<---<afc^m 

As in the proof of Theorem 13.81 we use the second property in (I2.20p and the cyclic property 
of trace to bring the expression to the form 

^ ( - 1 )"-M j tr S^") Ti (u) e"^" . . . Tfc (m) e"^" . 

fc=0 ^ ' 

Further, the partial traces of the symmetrizer S'*^™-' over the copies + 1, . . . , m of the 
algebra EndC^ in (12. ip are found by applying pU Lemma 4.1] to get 



7m(— 2r;,) \ m — k J \k 

By Proposition 12.41 and Corollary 12. 5[ the Harish-Chandra image of the expression (I3.16P 
is found by 

f;(-l)'=7,(-2n) P^^J,^^^) E >^Me-'...^,Me-'. (3.18) 

Introduce new variables by 

a,(n) = Xi(u)e~^ - 1, i = 1, . . . , 2n + 2, iy^n + 2, (3.19) 
and (T„+2(m) = >in+2iu)e~^ + 1. 

Lemma 3.9. For m ^ n the expression flXTsp multiplied hy 2 {-l)"^ i^"^-"^^^) equals 

r=0 ^ ^ ls;ji<---<v<2n+2 

E™' ^ f2n — r + l\ sr-^ 
( ^ 1 2^ ai,{u)...aiXu), 

r=0 ^ ^ ls£ii< - <v^2n+2 

where n + 2 does not occur among the summation indices in the last sum. 



27 



Proof. Substituting f l3.19p into the expression and simplifying gives 

^ K(.)e-^-l)...(x..(.)e-^-l). (3.20) 
Now use the expansion formula for the noncommutative elementary symmetric functions 

dm, 

er{xi - 1, . . . ,Xp - 1) = '^i-'^Y~'' i/^ _ A ek{xi,...,Xp). 

k=0 ^ ^ 

Taking Xj = Xj(-u)e~^" with i = l,...,2n + 2, it is straightforward to verify that the 
coefficient of the sum 



l^ji<-<ifes£Af 



in ( I3.20p equals 



-1) 



m—k 



n-k\ f2n -k + 2 
m — k J \ n + 1 



which coincides with 

2(-l)™-Sfc(-2n) 



2?2 - m + 1\ /2n - k + 1 
n + I J \ m — k 



as claimed. □ 

For m ^ n let denote the expression in Lemma 13.91 Note that coincides with 
the Harish-Chandra image of f lXTTj) muhiplied by (^";;™+^). The proof of Lemma ED and 
the second part of Corollary 12.51 show that A^ is also well-defined for the value m = n + 1 
and An-^-i = 0. 

Since the degree of the element fl3.16p is — m, for m ^ n the expression Am also has 
degree — m. Hence, the component of degree — m of the expression Am+i is zero; this holds 
for m = n as well, because An+i = 0. Furthermore, each element ai{u) has degree —1 and 
so the component of A^ of degree — m must be equal to the component of degree — m of 
the expression 

/2n — m + l\ 
2( ^ 1 2^ (Ti,{u)...aiju). 

The component of ai{u) of degree —1 equals 

-du + fii{u) for i = l,...,n, 

-du for i = n + 1, 

—du + fii^2{u) for i = n + 3, . . . ,2n + 2. 

The proof is completed by taking the signs and the constant factor used in Lemma IX^ into 
account. □ 
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4 Classical W-algebras 



We define the classical W-algebra W{q) associated with a simple Lie algebra g following [HI 
Sec. 8.1], where more details and proofs can be found. We let f) denote a Cartan subalgebra 
of g and let /ii, . . . be a basis of f). The universal enveloping algebra U(t^^f)[t^^]) will 
be identified with the algebra of polynomials in the infinitely many variables /ijr] with 
i = 1, . . . , n and r < and will be denoted by ttq. We will also use the extended algebra 
with the additional generator r subject to the relations 

[r,/ii[r]] = -r/ii[r - 1], 

implied by (11. 5p . The extended algebra is isomorphic to ttq ® C[r] as a vector space. 
Furthermore, we will need the operator T = adr which is the derivation T : ttq — )■ ttq 
defined on the generators by the relations 

T Hi[r] = -rfii[r - 1]. 

In particular, T 1 = 0. The classical W-algebra is defined as the subspace W(0) C ttq 
spanned by the elements which are annihilated by the screening operators 

Vi-.TTo^no, i = l,...,n, 

which we will write down explicitly for each classical type below0 

>V(0) = {PG7ro I V,P = 0, t = l,...,n}. 

The operators Vi are derivations of ttq so that W{g) is a subalgebra of ttq. The subalgebra 
W(0) is T-invariant. Moreover, there exist elements Bi, . . . , Bn G W(0) such that the 
family of elements T^Bi with i = l,...,n and r ^ is algebraically independent and 
generates the algebra W(0). We will call -Bi, . . . , a complete set of generators of W{q). 
Examples of such sets in the classical types will be given below. 
We extend the screening operators to the algebra ttq ® C [r] by 

Vi{P(»Q{r)) = V,{P)®Q{t), PGtto, Q{t) e C[t]. 

4.1 Screening operators and generators for W{Qi]\i) 

Here ttq is the algebra of polynomials in the variables fii[r] with i = 1, . . . ,N and r < 0. 
The screening operators Vi, . . . , V^-i are defined by 

°° (9 d 

^5^'^'^^ (s/i^-r-l] ' 9/..+i[-r-l])' 

^Our Vi essentially coincides with the operator Vi[l] in the notation of 11, Sec. 7.3.4], which is associated 
with the Langlands dual Lie algebra ^g. 
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where the coefficients Vi [r] are found from the expansion of a formal generating function in 
a variable z, 

y = exp y 

r=0 r7i=l 

Define elements . . . , £^Ar of ttq by the expansion in ttq (S) C [r], 

(r + . . . (r + = + ^1 r^-^ + ■ ■ ■ + (4.1) 

known as the Miura transformation. Explicitly, using the notation f ll.l4p we can write the 
coefficients as 

8^ = e„(T + . . . , T + /ijv[-l]) , (4.2) 

which follows easily from (14. ip by induction. The family £i,...,£n is a complete set 
of generators of W(g[^). Verifying that all elements £i are annihilated by the screening 
operators is straightforward. This is implied by the relations for the operators on ttq, 

ViT = [T + - ^ii+i[-l])Vu i = l,...,N-l. (4.3) 

They imply the corresponding relations for the operators on ttq (g) C [r] , 

V,t={t + - /i.+i[-l]) Vi, 2 = 1, . . . , iV - 1, (4.4) 

where r is regarded as the operator of left multiplication by r. For each i the relation 

V^i(r + /i7v[-l])...(r + ^i[-l]) =0 
then follows easily. Indeed, it reduces to the particular case N = 2 where we have 

Vi (r + ^2[-l]) (r + = ((r + - /i2[-l]) V^i + /^shl] l^i " l) + 

= (r + ^1 (r + - (r + = 0. 

Showing that the elements T^Si are algebraically independent generators requires a com- 
parison of the sizes of graded components of ttq and >V(g[^). 
By the definitions (I1.13P and fll.l4p . we have the relations 

m 

y{-l)''£kh^-k{T + fii[-l],...,T + fi4-l]) =0 (4.5) 

A:=0 

for m ^ 1, where Sq = 1 and Sk = for k > N. They imply that all elements 

/i„(T + ^i[-l],...,T + /i;v[-l]), m^l, (4.6) 

belong to >V(g[^). Moreover, the family (14. 6 p with m = 1, . . . , is a complete set of 
generators of >V(0[;v). 

Note that the classical W-algebra W{slj\f) associated with the special linear Lie algebra 
sIn can be obtained as the quotient of W(g[^) by the relation £i = 0. 
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4.2 Screening operators and generators for W{on) and W(sp7v) 

Now ttq is the algebra of polynomials in the variables /ij[r] with i = 1, . . . ,n and r < 0. 
The families of generators of the algebras W(oAr) and W{5p^) reproduced below were 
constructed in P, Sec. 8], where equations of the KdV type were introduced for arbitrary 
simple Lie algebras. The generators are associated with the Miura transformations of the 
corresponding equations. 

4.2.1 Series 5„ 

The screening operators Vi, . . . ,Vn are defined by 

= E H I 11 - 7^ — r — ^) ' (4-^) 

for z = 1, . . . , n — 1, and 

where the coefficients [r] are found from the expansions 

^ Vi [r] z = exp z , z = 1, . . . ,n — 1 



m 

r=0 m=l 



and 



oo 



2;'' = exp V 

r=0 m=l 



Z 



m 



Define elements 82, ■ ■ ■ , £2n+i of ttq by the expansion 

(r - . . . (r - /i4-l]) r (r + . . . (r + 

= r2"+i + 82 r^"-! + ^3 r2"-2 + . . . + ^2^+1. (4.8) 

All of them belong to >V(o2„+i). By ( C2|) we have 

= e^(r + . . . , T + T, T - . . . , T - . (4.9) 

The family £21 £4,, ■ ■ ■ , £21% is a complete set of generators of W(o2„+i). The relation 

(r - . . . (r - r (r + . . . (r + = (4.10) 

is verified for i = l,...,n — lin the same way as for gl^ with the use of (14. 4p . Furthermore, 

VnT = (r + ;U„[-1])K, 
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so that 

K (r - r (r + = (r^ - l) r (r + 

= t{t + /i„[-l]) (r + 2/i„[-l]) Vn, 

which imphes that f l4.10p holds for i = n as well. 
By (14 .Sp all elements 

/i„(T + /ii [-1], . . . , T + T, T - /i„[-l], . . . , T - /ii [-1]) (4.11) 

belong to W(o2ri+i)- The family of elements (14.111) with m = 2,4, . . . ,2n forms another 
complete set of generators of W(o2n+i)- 

4.2.2 Series C„ 

The screening operators Vi, . . . ,Vn are defined by (14.70 for i = 1, . . . , n — 1, and 



r=0 



where 



oo 



T + CoT + 03 r + ■ ■ ■ + Co 



r=0 m=l 

Define elements £2-, ■ ■ ■ ■, of ttq by the expansion 

(r - ^i[-l]) . . . (r - /i„[-l]) (r + /i„[-l]) . . . (r + /ii[-l]) 

Z2T ^0^1 i -^<:'2n- 

All of them belong to >V(sp2„). By (Hl2|) we have 

= e„(T + /ii[-l], . . . , T + ;U„[-1], T - /i„[-l], . . . , T - /ii[-l]) . 
The family £2, £^4, . . . , £^2n is a complete set of generators of W(sp2„,). The relation 

(r - /xi[-l]) . . . (r - /x„[-l]) (r + /x„[-l]) . . . (r + /ii[-l]) = (4.12) 

is verified for i = l,...,n — lin the same way as for gl^ with the use of (14. 4p . In the case 
i = n we have 

VnT= (r + 2/i„[-l])K, 

so that 

Vn (r - /i„[-l]) (r + = [{r + /in[-l]) K - 1) + f^n[-l]) 

= (r + /i„[-l])(r + 3/i„[-l])K, 

and (I4.12P with i = n also follows. 

It follows from (14. 5 p that the elements 

hm [T + . . . ,T + fin[-l],T - /i„[-l], . . . ,T - /ii[-l]) 

with m = 2, 4, . . . , 2n form another complete set of generators of >V(sp2„). 
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4.2.3 Series Dn 

The screening operators Vi, . . . , \4 are defined by (14. 7p for i = 1, . . . , n — 1, and 

OO ^ Q 

where 

y = exp V ^^n-A-m]+l^n[-m] 

r=0 m=l 

Define elements £^2,^^3, • • • of ttq by the expansion of the pseudo- differential operator 
(r - . . . (r - (r + . . . (r + 

oo 

= r + 2_^ifcr 

fc=2 

The coefficients £k are calculated with the use of the relations 

r-V4-r - 1] = E /^a-r - k - l]r-'-\ 

k=0 

All the elements Sk belong to W(o2n)- Moreover, define £^ E ttq by 

(/ii[-l]-T)...(/i„[-l]-T), (4.13) 

so that this element coincides with (11.191) . The family 82,^4., ■ ■ ■ ,82n-2,8n ^ complete 
set of generators of W(o2n)- The identity 

(r - ^i[-l]) . . . (r - /i„[-l]) (r + /i^-l]) . . . (r + /ii[-l]) = (4.14) 

is verified with the use of (14. 4 p and the additional relations 

ViT''^ = [t + - fii+i[-l]) Vj, i = l,...,n-l, 

and 

VnT-' = (r + ;U„_i[-l]+/i„[-l])"V„. (4.15) 

In comparison with the types -B„ and C„, an additional calculation is needed for the case 
i = n in (I4.14p . It suffices to take n = 2. We have 

V2 (r - /ii[-l]) (r - ^2[-l]) (r + ^2[-l]) (r + ^i[-l]) 

= ((r + ^2[-l]) V2 - 1) (r - ^2[-l]) r-' (r + /xshl]) (r + ^i[-l]) 

= ((r + ^2[-l]) (r + Mi[-1]) V2 - 2r) (r + /i2[-l]) (r + ^i[-l]). 
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Furthermore, applying the operator V2 we find 

V2 (r + (r + = ((r + + 2/i2[-l]) ^ + l) (r + 

= 2{T + ^l^[-l] + ^l2[-l]) 

and so by (14.150 . 

V2T-' (r + /i2[-l])(r + /ii[-l]) =2 

thus completing the calculation. 
The relations 

V, (/ii[-l] - T) . . . (/.„[-!] - T) = 0, ^ = 1, . . . , n, 
are verified with the use of (14. 3p . 



5 Generators of the W-algebras 

Here we prove the Main Theorem stated in the Introduction by deriving it from Theo- 
rems [321 133] and EE 

Choose a basis Xi, . . . , of the simple Lie algebra q and write the commutation 
relations 

d 

[X„X,] = J^cJX, 

k=l 

with structure constants c^^-. Consider the Lie algebras Q[t] and and combine their 

generators into formal series in and u, 

00 00 
Xi{u) = ^Xjr] u-"^-^ and Xi{u)+ = J^X^-r - 1] u'. 

r=0 r=0 

The commutation relations of these Lie algebras written in terms of the formal series take 
the form 

d 

{u - v) [X,{u),X,{v)] = -J2 4 (^^(«) - ^'^(^))' 

k=l 

d 



k=l 



Observe that the second family of commutation relations is obtained from the first by 
replacing Xi{u) with the respective series — Xj(M)+. 

On the other hand, in the classical types, the elements of the universal enveloping 
algebra U(g[t]) and their Harish- Chandra images calculated in Proposition 13. II and Theo- 
rems [3l2l 13.51 and 13.81 are all expressed in terms of the series of the form Xi{u). Therefore, 
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the corresponding Harish-Chandra images of the elements of the universal enveloping al- 
gebra U(t~^g[t~^]) are readily found from those theorems by replacing Xi{u) with the 
respective series —Xi{u)+. 

To be consistent with the definition for the Wakimoto modules in [TT], we will write 
the resulting formulas for the opposite choice of the Borel subalgebra, as compared to the 
homomorphism (13 ■4p . To this end, in types B, C and D we consider the automorphism a 
of the Lie algebra t~^QN\t^^] defined on the generators by 

a:F,,-[r]^-F,,[r]. (5.1) 

We get the commutative diagram 

U(r^0iv[t-^])^ > Cf/ijr]] 

(5.2) 

where i ranges over the set {1, . . . , n} while r < 0. The top and bottom horizontal arrows 
indicate the versions of the Harish-Chandra homomorphism defined as in (13. 4p . where the 
left ideal / is now generated by all elements Fij [r] with the conditions 1 ^ i < j ^ N and 
r < for the top arrow, and by all elements Fij [r] with the conditions N ^ i > j ^ 1 and 
r < for the bottom arrow (which we denote by x)- The second vertical arrow indicates 
the isomorphism which takes fJ^ilr] to — yUj[r]. 

Note that an automorphism analogous to (15. ip can be used in the case of the Lie 
algebra gl^v to get the corresponding description of the homomorphism x and to derive 
the formulas (ILlip and (I1.12p . However, these formulas follow easily from the observation 
that r + [— 1] is a Manin matrix by the same argument as in the proof of Proposition 13.11 

To state the result in types B, C and introduce the formal series 

7„(u;) tr S^"^) (9„ + Fi(n)+) . . . (5„ + F„(n)+), (5.3) 

where we use notation (I1.16P with u = N and u = —N in the orthogonal and symplectic 
case, respectively, and 

N 

F{u)+ = eij®Fij{u)+ e EndC^ ®U(r^giv[t"^]) [[«]]• 

We will assume that in the symplectic case the values of m in (15. 3 p are restricted to 
1 ^ m ^ 2n -|- 1; see [231 Sec. 3.3 and Sec. 4.1]. The trace is taken over all m copies 
EndC^ in the algebra 

EndC^ ^ . . . ^EndC^^ ® U(r^0jv[t"^]) 5J] (5.4) 

m 

and we use matrix notation as in (I1.15p . We set 

oo 

lXi{u)+ = Yni[-r - l]u'', i = l,...,n. 

r=0 
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Proposition 5.1. The image of the series (15.31) under the homomorphism x is given by 
the formula: 

type Bn. hm{du + IJ^i{u)+, • • • , <9n + Ain(M)+, du - Hniu)+, ...du- fii{u)+), 

type Dn. \ hm{du + ^-l{u) + , . . . , (9„ + /i„_i(M) + ,9„ - /i„(M) + , . . . <9„ - yUl(M) + ) 

+ \ hm{du + + , ■■■,du + f^niu) + , du - /in-l(M) + , • • • 5« - /^l («) + ), 

t2/]9e C„: em{du + + , • • • , 5« + /in(M) + , 5« - + , • • • - + ) • 

Proof. We start with the orthogonal case flAr = Oat. The argument in the beginning of this 
section shows that the image of the series 

7^(iV) tr - F^{u)+) . . . (9„ - 

under the homomorphism given by the top horizontal arrow in (15. 2p is found by Theo- 
rems |32] and [321 where ^i{u) should be respectively replaced by —^i{u)+ for i = 1, . . . , n. 
Therefore, using the diagram (15. 2p we find that the image of the series 

7™(iV) tr ^(-) {du + Fliu)^) ...{du + (5.5) 

under the homomorphism x is given by the respective i?„ and Dn type formulas in the 
proposition, where we set F^{u)+ = Ylij^ij ® remains to observe that the 

series (15.51) coincides with (15. 3p . This follows by applying the simultaneous transpositions 
Cjj eji to all m copies of EndC^ and taking into account the fact that S'^™'^ stays 
invariant. 

In the symplectic case, we suppose first that m ^ n. Starting with the Harish- Chandra 
image provided by Theorem 13.81 and applying the same argument as in the orthogonal case, 
we conclude that the image of the series 

Imi-'^n) tr - Fi(n)+) . . . (9„ - F„(n)+) (5.6) 

under the homomorphism x agrees with the C„ type formula given by the statement of the 
proposition. One more step here is to observe that this series coincides with (15.31) . Indeed, 
this follows by applying the simultaneous transpositions Cij i— )■ eiEjCj'i' to all m copies of 
EndC^. On the one hand, this transformation does not affect the trace of any element 
of (15. 4p . while on the other hand, each factor du — Fi{u)+ is taken to du + Fi{u)+ and the 
operator S''-'"-' stays invariant. 

Finally, extending the argument of [211 Sec. 3.3] to the case m = 2n + 1 and using the 
results of [2^ Sec. 5], we find that for all values 1 ^ m ^ 2?2 + 1 the coefficients $ma in 
the expansion 

m oo 

7^(-2n) tr ^(™) [du + F,{u)+) ■■■{du + F^{u)^) =J2Y1 ^-'^ 

a=0 s=0 
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belong to the Feigin-Frenkel center 3(sp2n)- The image of the element ^ma under the 
isomorphism fll.4p is a polynomial in the generators T^S2k of the classical W- algebra 
W(o2n+i), where k = 1, . . . ,n and r ^ 0; see f l4.9p . For a fixed value of m and vary- 
ing values of n the coefficients of the polynomial are rational functions in n. Therefore, 
they are uniquely determined by infinitely many values of n ^ m. This allows us to extend 
the range of n to all values n ^ (m — l)/2 for which the expression (15.31) is defined. □ 

Corollary 5.2. Theorem \3.S\ holds for all values 1 ^ m ^ 2n + 1. 

Proof. This follows by reversing the argument used in the proof of Proposition 15.11 □ 

With the exception of the formula f ll.lQp for the image of the element 0^ in type Dn, all 
statements of the Main Theorem now follow from Proposition 15.11 It suffices to note that 
the coefficients of the polynomial fll.l7p and the differential operator (15. 3p are related via 
the vertex algebra structure on the vacuum module V^-/tv(0Ar). In particular, the evaluation 
of the coefficients of the differential operator (15. 3p at u = reproduces the corresponding 
coefficients of the polynomial (I1.17p . This implies the desired formulas for the Harish- 
Chandra images in the Main Theorem; see e.g. [TTl Ch. 2] for the relevant properties of 
vertex algebras. 

Now consider the element of the algebra W(o2n) defined in (14.130 and which coincides 
with the element (11.190 . To prove that the Harish-Chandra image of the element 0^ 
introduced by (ll.lSp equals use the automorphism of the Lie algebra t^^02n[t^^] defined 
on the generators by 

Fkilr] F-,i[r], (5.7) 

where k ^ k is the involution on the set {1, . . . , 2n} such that n n', n' n and k k 
for all k n, n'. Note that 0^ —0^ under the automorphism (15. 7p . Similarly, h-> —S^ 
with respect to the automorphism of t~^l)2n[t~^] induced by (15.70 . 

As a corollary of the Main Theorem and the results of [24j we obtain from the isomor- 
phism (11.40 that the elements 

J^m = ^ hm{T + /Ui[-1], . . . , T + fln-l[-l],T - /U„[-l], . . . T - /ii [- 1] ) 

+ lhm{T + /il[-l], . . . ,T + /i„[-l],T - fln-l[-l], ■■■T- 

with m = 2, 4, . . . , 2n — 2 together with form a complete set of generators of W(o2n) (this 
fact does not rely on the calculation of the image of the Pfaffian). Observe that all elements 
T^T2k with /c = 1, . . . , n — 1 and r ^ are stable under the automorphism (15. 7p . Since the 
Harish-Chandra image x(0n) is a unique polynomial in the generators of W(o2n) and its 
degree with respect to the variables 1], . . . , 1] does not exceed n, we can conclude 
that must be proportional to E^^. The coefficient of the product 1] . . . /in[— 1] in 

each of these two polynomials is equal to 1 thus proving that x(0n) = ^L- This completes 
the proof of the Main Theorem. 

The properties of vertex algebras mentioned above and the relation x(0n) — 
ply the respective formulas for the Harish-Chandra images of the Pfaflfians Pf F{u)+ and 
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Pf F{u) defined by (11.181) with the matrix 1] replaced by the skew-symmetric matrices 
= and F{u) = [Fijr{u)], respectively. 

Corollary 5.3. The Harish- Chandra images of the Pfaffians are found by 

X : Pf F{u)+ ^ -du) ... (/in(M)+ - du) 1, 

Pf F{u) ^ (fiiiu) - du) ... {fin{u) - du) 1, 
where the second map is defined in (13. 4p . 

Proof. The first relation follows by the application of the state-field correspondence map to 
the Segal-Sugawara vector (I1.18P and using its Harish- Chandra image (ll.lQp . To get the 
second relation, apply the automorphism (15. ip to the first relation to calculate the image 
of Pf with respect to the homomorphism defined by the top arrow in (15.20 . 

Pf F{u)+ ^ {fiiiu)+ + du) ... {finiu)+ + du) 1. 

Now replace F{u)+ with —F{u) and replace fii{u)^ with —^i{u) for i = 1, . . . , tt,. □ 

The isomorphism (II. 4p and the Main Theorem provide complete sets of generators of 
the classical W-algebras. In types B and C they coincide with those introduced in Sec. 14. 2[ 
but different in type as pointed out in the above argument. 

Corollary 5.4. The elements J-2, J^i, . . . , J-2n-2,^n form a complete set of generators of 

W(02n). □ 

To complete this section, we point out that the application of the state-field corre- 
spondence map to the coefficients of the polynomial ( 11.170 and to the additional element 
(I1.18P in type yields Sugawara operators associated with g^v- They act as scalars in the 
Wakimoto modules at the critical level. The eigenvalues are found from the respective for- 
mulas of Proposition 15 . 1 1 and Corollary 15.31 as follows from the general theory of Wakimoto 
modules and their connection with the classical W-algebras; see [TI^ Ch. 8]. 

6 Casimir elements for g^y 

We apply the theorems of Sec. E] to calculate the Harish- Chandra images of certain Casimir 
elements for the orthogonal and symplectic Lie algebras previously considered in [16] . Our 
formulas for the Harish- Chandra images are equivalent to those in ^16j, but take a different 
form. We will work with the isomorphism (II. 2p . where the Cartan subalgebra f) of the Lie 
algebra g = gAr is defined in the beginning of Sec. [2] and the subalgebra n+ is spanned by 
the elements Fij with 1 ^ i < j ^ N. We will use the notation fii = Fa for i = 1, . . . , N 
so that fii + fiii = for all i. 

Consider the evaluation homomorphism 

ev : U(gjv[t]) ^ U(g7v), Fij{u) FijU~\ 



38 



so that Fij[0] h-). Fij and Fij[r] i— ^ for r ^ 1. The image of the series ^i{u) then coincides 
with /ij u~^. Applying the evaluation homomorphism to the series involved in Theorems l3.2l 
13.51 and 13.81 we get the corresponding Harish- Chandra images of the elements of the center 
of the universal enveloping algebra U(gAr). The formulas are obtained by replacing Fij{u) 
with FijU~^ and fii{u) with fiiU~^. Multiply the resulting formulas by u"^ from the left. 
In the case Qn = 02n+i use the relation 

(9„ + FiM-i) ...{d^ + F^u-') = {ud^ + Fi-m + l)... {udu + F„) (6.1) 

to conclude that the Harish- Chandra image of the polynomial 

7„(iV) tr S^'") {F^ + v-m + l)...{F^ + v) (6.2) 

with V = udu is found by 

{fii^+v -m + 1) . . .{fii^^+v), 

summed over the multisets {ii, . . . , im} with entries from {1, . . . ,n,n' , . . . , 1'}. By the ar- 
guments of [16], the Harish- Chandra image of the polynomial (16.21) is essentially determined 
by those for the even values m = 2k and a particular value of v. 

Corollary 6.1. For = 02n+i the image of the Casimir element 

72fc(iV)tr5(2^) (F^-k)...{F2k + k-l) 
under the Harish- Chandra isomorphism is given by 

{fii^-k)...{fii^^ + k-l), (6.3) 

summed over the multisets {ii, . . . , i2k} with entries from {1, . . . ,n,n' , . . . , 1'}. Moreover, 
the element (16. 3p coincides with the factorial complete symmetric function 

Y {ll - (Ji - 1/2)^) . . . {ll - (J. + k - 3/2)^), (6.4) 
where k = fii + n — i + 1/2 for i = 1, . . . ,n. 

Proof. The coincidence of the elements (16. 3p and (16. 4p is verified by using the character- 
ization theorem for the factorial symmetric functions [33]; see also [16]. Namely, both 
elements are symmetric polynomials in If, ... , of degree k, and their top degree compo- 
nents are both equal to the complete symmetric polynomial hk{ll, . . . ,1"^). It remains to 
verify that each of the elements (16. 3p and (16. 4p vanishes when (/xi, . . . , /i„) is specialized to 
a partition with /ii + ■■ ■ + //„< /c which is straightforward. □ 
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Similarly, if qn = 02n use the same relation (16. ip to conclude from Theorem 13.51 that 
the Harish- Chandra image of the polynomial 

27^(iV) tr5(™)(Fi + v-m + l)...{F,r. + v) 

is found by 

{f^^,+v -m + l) . . .{fii^ + v) + {n^,+v-m + l)...{fii^+v), 

where the summation indices in the first sum do not include n and the summation indices 
in the second sum do not include n'. 

Corollary 6.2. For qn = 02n the image of the Casimir element 

72fc(iV) tr S'^^'^ (Fi - A;) . . . (Fa^ + k - 1) 
under the Harish- Chandra isomorphism is given by 

I {fin-k)...{fi,^^ + k-l) + l Y {fii,-k)...{fii^^ + k-l). 

I^n^--<i2fe^2n l^ji^-<i2fc^2n 

Moreover, this element coincides with the factorial complete symmetric function 

E ('l,-o.-in---('l.-fe + *-2n. 

where k = fii + n — i for i = 1, . . . ,n. 

Proof. The coincidence of the two expressions for the Harish-Chandra image is verified in 
the same way as for the case of 02ri+i outlined above. □ 

Now suppose that Qn = sp2n &ud use the relation 

i-du + F^u-^) . . . {-du + F^u-^) = {-udu + Fi + m - 1) . . . {-ud^ + F^) 

to conclude from Theorem 13.81 and Corollary 15.21 that the Harish-Chandra image of the 
polynomial 

7^™(-2n) tr + v + m - I) . . . {F^ + v) 

with V = —udu is found by 

summed over the subsets {zi, . . . , im} of the set {1, . . . , ra, 0, n', . • • ? 1'} with the ordering 
1 < ■ ■ ■ < n < < n' < ■ • ■ < 1', where /xq := 0. Taking m = 2k and v = —k + 1 we get 
the following. 
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Corollary 6.3. For = sp2„ the image of the Casimir element 

72fc(-2n) tr S^^^^) {F, + k)... {F^k - k + 1) 
under the Harish- Chandra isomorphism is given by 

{fii^ + k)...{fii^^-k + l), (6.5) 

l^ii<---<i2fc=Sl' 

summed over the subsets {ii,---,i2k} C {1, . . . ,n,0,n' , . . . ,1'} . Moreover, the element 
(16. 5 P coincides with the factorial elementary symmetric function 

i-^r E {ii-fi)---iii-ij^-k+ir), (6.6) 

l^ii<---<ife^n 

where li = ^i + n — i + 1 for i = 1, . . . ,n. 

Proof. To verify that the elements (16. 5p and (16. 6p coincide, use again the characterization 
theorem for the factorial symmetric functions [33]; see also [16j. Both elements are sym- 
metric polynomials in Z^,...,/^ of degree k, and their top degree components are both 
equal to the elementary symmetric polynomial (— l)'^efc(/^, . . . , /^). Furthermore, it is eas- 
ily seen that each of the elements (16. 5 p and (16. 6 p vanishes when (/zi, . . . , /i„) is specialized 
to a partition with /ii + ■ ■ ■ + /i„ < /c. □ 
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